This paper presents a servo control method for three-axis machine tool contouring applications. The proposed contouring system operates its control efforts in a trajectory coordinate basis that is moving along the tool path trajectory, rather than the conventional XYZ coordinate basis. With the proposed method, an efficient control of the concerned error components that are defined along the tool path can be achieved.
INTRODUCTION
For multi-axis contouring applications, the machine tools are driven to follow a desired tool path trajectory, such as straight lines, circular arcs, or high order curves, so as to cut a part. The contouring is generally not perfect and results in position error. Usually the position error is represented in the XYZ coordinate frame, in which most control efforts are operated.
However, for contouring application those that we should be concerned with are not the position error components along the X, Y, and Z axes. A typical three-axis contouring process is depicted in Figure 1 . As is depicted in Figure 1 , a moving coordinate frame can be defined so that its coordinate axes are respectively the tangent, normal, and binormal vectors along the tool path trajectory. In this paper this coordinate frame is denoted as a trajectory (TNB) coordinate basis for which the corresponding axes are the tangent (T), normal (N), and binormal (B) axes. As is shown in Figure 1 , during the contouring the main concern is the contour error (ε) that is the deviation from the desired trajectory. The contour (or deviation) error is in practice the combination of the position error components in the normal and binormal directions, i.e., ε = E n + E b . (Note that for biaxial contouring, ε = E n .) On the other hand, the position error component in the tangent direction (E t ) does not cause any inaccuracy during the contouring. However, improper control of E t may cause unacceptable contouring result, such as overcut or undercut (due to a significant overshoot or tracking lag),
on the corner of two consecutive trajectories. Therefore, the concerned error components are defined in the TNB coordinate basis, rather than the XYZ coordinate basis.
Conventionally, a multi-axis contouring system operates its control effort in the XYZ basis by introducing three separate (or uncoupled) axial controllers for the X, Y, and Z axes.
The objective of these axial controllers is to minimize the error components along the X, Y, and Z axes (that are denoted as E x , E y and E z in this paper). Although many effective control laws, such as feedback control methods (1),(2),(6) and/or feedforward control methods (14), (15), (17),(18) can be applied for the axial controllers, it always remains a problem that reducing E x , E y and E z does not necessarily correspond to reducing E t , E n and E b (6) . To cope with part of the above problem, many cross-coupling controllers have been developed (3)~(5),(7)~(10) . A typical cross-coupling controller is constructed between the separated axial control loops and consists of a calculation of the contour error and a control law to eliminate it. Since the cross-coupling controller is designed to eliminate the contour error, ε = E n + E b , it does not contribute to reducing E t that is geometrically orthogonal to ε. Therefore, effective axial controllers are still required in a cross-coupling controlled system (6),(11) . In practical application, the control effort of the axial controllers (that focus on eliminating E x , E y , E z ) is not independent of the control effort of the cross-coupling controller (that focuses on eliminating ε). According to the coupled effect between the axial controllers and the cross-coupling controller, we cannot design their control laws independently, regardless of the influence of each other.
The objective of this paper is to present a contouring control scheme so that the controls of E t , E n and E b can be decoupled. The direct and decoupled elimination of E t , E n and E b is achieved by a real-time transformation between the XYZ and the TNB coordinate bases. In the following, the proposed three-axis contouring control scheme is first analyzed. Then, an experimental evaluation is conducted to support the effectiveness of the proposed method.
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Proposed Control Scheme
The proposed three-axis contouring control scheme is depicted in Figure 2 [T] and its transpose, [T] t , are the coordinate transformation matrices between the XYZ and the TNB bases. Through the proposed control scheme, the system conducts a direct control of the concerned error components, E t , E n and E b , which are defined in the TNB basis.
Trajectory (TNB) Coordinate Basis
The coordinate transformation matrix [T] , which is in practice the direction cousin matrix of the TNB coordinate basis with respect to the XYZ basis, can be defined by
where , , and are the unit vectors along the three orthogonal axes of the TNB frame.
The TNB frame is defined (also referred to Figure 1 ) so that , , and are respectively the unit tangent, normal, and binormal vectors on the trajectory. Besides, the origin of the TNB coordinate basis, R * that moves along the trajectory, is the closest point from the instantaneous output position (P) to the trajectory. Let's consider a typical 3D trajectory that is defined by
where u is the spatial parameter along the trajectory. For the parametric trajectory, the tangent, normal, and binormal vectors ( , , ) can be calculated by
.
Note that the three unit vectors for the TNB frame are calculated at u = u * , which corresponds to R * , the origin of the TNB frame. In practice, u * can be approximated by
where u 0 is the spatial parameter value corresponding to the instantaneous reference position, R; δL is path length that R * lags behind R in the tangent direction. δL can be calculated by
Note that in the above equation, the tangent vector is calculated at u = u 0 . $ t
Control of Concerned Error Components
In the following, we will demonstrate how the proposed system operates its control efforts in the TNB coordinate basis. Let (R t , R n , R b ) and (P t , P n , P b ) be the reference position commands and the output position coordinates represented in the TNB coordinate basis, then we have (10) 
As can be seen in Eq. (15), the decoupled controls of the concerned error components, E t , E n and E b , can be manipulated by H t (z), H n (z), and H b (z), respectively.
Note that in practical situation, the mismatches of the dynamics of the three axial drives may not be negligible. However, adaptive matching or compensating methods (12),(13) can be introduced to compensate for the mismatches, δ x (z), δ y (z) and δ z (z). Note that the compensated drive dynamics can be described by (13) , y, z; G pi (z) and G ci (z) are the axial transfer functions for the original drives and the compensators.
Stability Consideration
According to Eq. (11), the stability of the overall system is determined by the characteristic equation that is .
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EXPERIMENTS
The experiment is conducted on a three-axis positioning table, which consists of three linear orthogonal axes, i.e., X, Y, and Z axes. The XYZ table is controlled by a 486DX2-66MHz personal computer (PC) through drives which consist of digital-to-analog converters, amplifiers, direct current servo motors, ball screws, and guide ways. The servo control algorithms are implemented in the PC-based controller. The sampling rate of the computer-controlled system is 1000 Hz. Utilizing random inputs to excite the X, Y, and Z axes and identifying them by the least-square method, the digital transfer functions for the three axial drives are .
Based the definitions in Eq. (13), we can calculate the average transfer function, G o (z), and the mismatches, δ x (z), δ y (z) and δ z (z), for the three axial drives. A comparison of the magnitudes for G o (e jω ), δ x (e jω ), δ y (e jω ) and δ z (e jω ) is shown in Figure 4 . As can be seen in Figure 4 , the differences between the three drives are very small (i.e., In the experiment, a typical proportional-integral-derivative (PID) control law is applied for the conventional and proposed contouring control schemes. The corresponding mathematical expressions for the PID law is
where i = t, n, b; h is the sampling period; KP i , KI i and KD i are the proportional, integral and derivative gains, respectively. Based on the Ziegler-Nichols ultimate-sensitivity method (1) , the values for these parameters are selected as: KP = 1.2, KI = 20.0, and KD = 0.02.
Let's consider the case for contouring of a circular arc in the 3D space. The circular arc is 
The desired feedrate for this contouring case is 30 mm/sec.
The experimental results for the proposed control scheme with different sets of control laws (PD and PID controls) are shown in Figures 5 and 6 . As can be seen, direct and decoupled controls of E t , E n and E b can be achieved. For instance, when modifying the control law for H t (z), the controlled result for E t is changed (see Figure 5a ). On the other hand, the changes in E n and E b are very small (see Figure 5b ). The proposed contouring control scheme is also compared with a conventional control scheme based on the XYZ basis, which adopts three separate PID controllers for the X, Y, and Z axes. The experimental results for this comparison is shown in Figure 7 . As can be seen, the proposed method is more effective than the conventional one in handling the concerned error components, E t , E n and E b .
CONCLUSIONS
For multi-axis contouring applications, those that we should be concerned with are the position error components defined in the trajectory coordinate basis, rather than the XYZ basis. The trajectory coordinate basis is a moving frame along the desired trajectory so that the three axes are respectively in the tangent, normal and binormal directions on the trajectory.
To achieve an efficient and decoupled control of the concerned error components, a three-axis contouring control scheme based on this trajectory coordinate basis has been proposed. The proposed contouring control system operates its control efforts in the trajectory coordinate basis through real-time coordinate transformation between the trajectory and the XYZ coordinate bases. The effectiveness of the proposed three-axis contouring control method is supported by experiments.
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